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’ . In this paper, the weight coefficient of the form p y u n r 2n q 1 with
 . .u n ) 0 is introduced. Improvements on Hilbert's inequality and the Hardy]
Littlewood inequality are established, and these results are extended. Q 1997
Academic Press
1. INTRODUCTION
 .  .Let a and b be two arbitrary sequences of real numbers. Ifn n
` a2 - q`, and ` b2 - q`, thenns0 n ns0 n
1r2 1r2` ` ` `
2 2a b r m q n q 1 F p a b . 1 .  .   m n n n /  /
ms0 ns0 ns0 ns0
 .  .The equality holds if and only if a , or b , is a zero-sequence.n n
w xThis is the well-known Hilbert's inequality 1 .
 .As is well known, the constant factor p , in 1 , is best possible. In other
words, p cannot be decreased any more. But we may move the factor p , of
 .the right side of 1 , to the inside of the summation and write it in the form
1r2 1r2` `
2 2p y « n a p y « n b . .  . .  . n n /  /
ns0 ns0
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 .  .  .where « n x0 n ª ` . Clearly this provides a refined form of 1
 .provided that « n is properly selected. In this paper it will be shown that
we can take
’« n s u n r 2n q 1 , .  .
 .where u n ) 0 for n G 0.
 .Furthermore the expression of u n will be given.
Similarly, we establish an improvement on Hilbert's integral inequality.
Using these results it will be shown that the Hardy]Littlewood inequal-
 .ity denoted by the H-L inequality is improved and extended.
2. MAIN RESULTS
THEOREM 1. If ` a2 - q` and ` b2 - q`, thenns0 n ns0 n
1r2 1r2` ` ` `
2 2a b r m q n q 1 F v n a v n b , 2 .  .  .  .   m n n n /  /
ms0 ns0 ns0 ns0
where the weight coefficient v is defined by
’v n s p y u n r 2n q 1 .  .
 .and u n ) 0 for n G 0.
 .  .  .The inequality in 2 holds if and only if a , or b , is a zero-sequence.n n
 .Proof. We may apply Cauchy's inequality to estimate the left side of 2
as
` `
a b r m q n q 1 .  m n
ms0 ns0
1r4` ` a 2m q 1ms   1r2  /2n q 1m q n q 1 .ms0 ns0
1r4b 2n q 1n
? 1r2  /2m q 1m q n q 1 .
1r21r22` ` a 2m q 1mF    / 5m q n q 1 2n q 1ms0 ns0
1r21r22` ` b 2n q 1n
=    / 5m q n q 1 2m q 1ms0 ns0
1r2 1r2` `
2 2s v n a v n b , .  . n n /  /
ns0 ns0
NOTE318
 . `   .. .  ..1r2where v n s  1r m q n q 1 2n q 1 r 2m q 1 . The equal-ms 0
 .  .ity holds if and only if a , or b , is a zero-sequence.n n
Define the function f by
1r21 2n q 1
f t s , t g 0, q` . . . /t q n q 1 2 t q 1
 . w .Obviously f t is monotone decreasing in 0, q` . Hence, we have
v n s f 0 q ` f m .  .  .ms 1
` 1r2
- f 0 q f t dt s 2n q 1 r n q 1 q p .  .  .  .H
0
’y 2 arctg 1r 2n q 1 .
’s p y u n r 2n q 1 , .
’ ’ .  .  .  .where u n s 2 2n q 1 arctg 1r 2n q 1 y 2n q 1 r n q 1 .
 .Direct computation shows that u 0 s pr2 y 1 ) 0. In what follows we
 . 3assume n G 1. Notice that arctg t ) t y 1r3 t if 0 - t - 1. Conse-
quently, we have
’ ’2 2n q 1 arctg 1r 2n q 1 .
3’ ’ ’) 2 2n q 1 1r 2n q 1 y 1r3 1r 2n q 1 . .  . 5
2
s 2 y .
3 2n q 1 .
Thus it follows that
2 2n q 1 4n q 1
u n ) 2 y y s ) 0. .
3 2n q 1 n q 1 3 n q 1 2n q 1 .  .  .
The theorem is proved.
COROLLARY 1. If ` a2 - q`, thenns0 n
` ` `
2’a a r m q n q 1 F p y u n r 2n q 1 a , 3 .  .  . .  m n n
ms0 ns0 ns0
 .  .  .where u n ) 0. The equality in 3 holds if and only if a is a zero-n
sequence.
 .Clearly this is an immediate consequence of 2 .
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 .  . 2w .THEOREM 2. Let f x , g x g L 0, q` . Then
` `
f x g y r x q y q 1 dxdy .  .  . .H H
0 0
1r2 1r2
` `
2 2F p y a x f x dx p y a x g x dx , 4 .  .  .  .  . .  .H H 5  5
0 0
’ .  .  .where a x s 2arctg 1r 2 x q 1 . The equality in 4 holds if and only if
 .  .f x s 0 or g x s 0.
Proof. In a manner similar to the proof of Theorem 1 we have
` `
f x g y r x q y q 1 dxdy .  .  . .H H
0 0
1r2 1r2
` `
2 2F p x f x dx p x g x dx , .  .  .  .H H 5  5
0 0
`
1r2 .   .. .  ..where p x s 1r x q y q 1 2 x q 1 r 2 y q 1 dy.H
0
Performing some simple computations we obtain
’p x s p y 2 arctg 1r 2 x q 1 . .  .
 .Hence 4 remains valid.
 .  .Take zero in place of a x of 4 , then it reduces to Hilbert's integral
inequality.
By Theorem 2, we obtain the following immediately
 . 2 w .COROLLARY 2. If f x g L 0, q` , then
` ` `
2f x f y r x q y q 1 dxdy F p y a x f x dx , 5 .  .  .  .  .  . .  .H H H
0 0 0
’ .  .  .where a x s 2 arctg 1r 2 x q 1 . The equality in 5 holds if and only if
 .f x s 0.
3. APPLICATIONS
 . 2 .  .Let f x g L 0, 1 and f x / 0 if
1 na s x f x dx , n s 0, 1, 2, . . . .Hn
0
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w xthen we have the H-L inequality 1 of the form
`
12 2a - p f x dx , 6 .  . Hn
0ns0
 .where p is the best constant that keeps 6 valid. With the use of Corollary
 .1 we can obtain an improvement of 6 .
THEOREM 3. With the abo¨e assumption we ha¨e
2` `
12 2 2’a - p y u n r 2n q 1 a ? f x dx , 7 .  .  . .  Hn n 5 / 0ns0 ns0
 .where u n ) 0.
Proof. By our assumption, we have
12 na s a x f x dx. .Hn n
0
Using the Cauchy]Schwarz inequality and Corollary 1 we obtain
2 2` `
12 na s a x f x dx .  Hn n 5 / 0ns0 ns0
2`
1 ns a x ? f x dx .H n 5 /0 ns0
2`
1 1n 2F a x dx ? f x dx .H Hn /0 0ns0
` `
1 1mq n 2s a a x dx ? f x dx . H Hm n /0 0ms0 ns0
` `
1 2s a a r m q n q 1 ? f x dx .  .  Hm n
0ms0 ns0
`
12 2’F p y u n r 2n q 1 a f x dx , 8 .  .  . . Hn 5
0ns0
 .  . 2where u n F 0. Since f x / 0, a / 0 for n G 0. Therefore it is impossi-n
 .  .ble to take equality in 8 . It follows that 7 is valid. Thus the theorem is
proved.
NOTE 321
 .  .  .  .If replacing u n contained in 7 by zero, then we obtain 6 from 7 .
 . 2  .  .THEOREM 4. If h t g L 0, 1 , and f x is defined by
1 xf x s t h t dt , x g 0, q` .  . .H
0
then
2
` ` 12 2 2f x dx - p y a x f x dx h t dt , 9 .  .  .  .  . .H H H /  /0 0 0
’ .  .where a x s 2 arctg 1r 2 x q 1 .
2 .Proof. We may write f x in the form
12 xf x s f x t h t dt. .  .  .H
0
Applying the Cauchy]Schwartz inequality and using Corollary 2, we have
22
` ` 12 xf x dx s f x t h t dt .  .  .H H H 5 /  /0 0 0
2
`1 xs f x t dx ? h t dt .  .H H 5 /0 0
2
`1 1x 2F f x t dx dt ? h t dt .  .H H H /0 0 0
` `1 1x y 2s f x t dx f y t dy dt ? h t dt .  .  .H H H H /  /0 0 0 0
` `1 1xqy 2s f x f y t dxdy dt ? h t dt .  .  .H H H H /0 0 0 0
` ` 1 1xqy 2s f x f y t dt dxdy ? h t dt .  .  .H H H H /0 0 0 0
` ` f x f y .  . 1 2s dxdy ? h t dt .H H Hx q y q 10 0 0
` 12 2F p y a x f x dx ? h t dt , 10 .  .  .  . .H H
0 0
2’ .  .  .  .  .where a x s 2 arctg 1r 2 x q 1 . Since h t / 0 t g 0, 1 , f x / 0
w .  .x g 0, q` . Hence it is impossible to take the equality in 10 . This
 .implies that 9 is valid.
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 .  .We point out that if a x contained in 9 in replaced by zero, then we
obtain immediately a new inequality of the form
` 12 2f x dx - p h t dt. .  .H H
0 0
Evidently this is an extension of the H-L inequality.
4. REMARK
In the second section we may apply also the Euler]Maclaurin summa-
 .tion formula to v n as
`
v n s f 0 q f m .  .  .
ms1
` 1
s f 0 q f t dt q f 1 q R n .  .  .  .H 21
1r2 1r2
`2n q 1 du 2n q 1 .  .
s q q q R n .H ’ ’n q 1  . 1 q u u 2 3 n q 2 .  .3r 2 nq1
’s p y s n r 2n q 1 , .
 .where s n is defined by
2n q 1’ ’s n s 2 2n q 1 arctg 3r 2n q 1 y .  .
n q 1
’ ’y 2n q 1 r 2 3 2n q 2 y 2n q 1 R n . .  .  . .
 .  w x .Here R n is the remainder. Only a few papers cf. 2, 3 , etc. give the
expressions for the remainder. In this paper we give the remainder as
1r2
j 2n q 1 n q 5 j .  .
R n s y f 9 1 s 0 - j - 1 . .  .  .2’12 36 3 n q 2 .
 .  .  .Thus the s n obtained is better than u n . But estimating u n is easier.
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